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Abstract
The question of the integrability of real-coupling affine toda field theory on a half-line
is addressed. It is found, by examining low-spin conserved charges, that the boundary
conditions preserving integrability are strongly constrained. In particular, for the an (n >
1) series of models there can be no free parameters introduced by the boundary condition;
indeed the only remaining freedom (apart from choosing the simple condition ∂1φ = 0),
resides in a choice of signs. For a special case of the boundary condition, it is argued
that the classical boundary bound state spectrum is closely related to a consistent set of
reflection factors in the quantum field theory.
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1. Introduction
More than ten years ago Cherednik [1] formulated an algebraic approach to factorisable
scattering on a half-line (x1 ≤ 0). The general set up, rephrased field theoretically, is as
follows. Firstly, the dynamical system under consideration is integrable on the full line with
all that entails in terms of factorisability of the S-matrix. Secondly, a natural assumption
is that when restricted to the half line, the particle content (mass spectrum), and the
S-matrices describing their mutual interactions, are exactly the same as those on the full
line. Thirdly, when a particle hits the boundary it is assumed to be reflected elastically (up
to rearrangements among mass degenerate particles). The compatibility of the reflections
and the scatterings constitutes the main algebraic condition which generalises the Yang-
Baxter equation. In other words, the effect of the boundary is local and coded into a set
of reflection factors
|a, −θa >out= Ka(θa)|a, θa >in, (1.1)
where a labels the particle, and θa is its rapidity.
More recently, Ghoshal and Zamolodchikov [2] have remarked that sine-Gordon theory
on a half line may be quantum-integrable provided the boundary condition at x1 = 0 is
carefully chosen. Specifically, they checked that in addition to the energy (momentum is
no longer conserved since translational symmetry is lost) there is a combination of spin
±3 charges which is also conserved, provided the boundary condition takes the form
∂φ
∂x1
=
a
β
sinβ
(
φ− φ0
2
)
at x1 = 0, (1.2)
where a and φ0 are arbitrary constants, and β is the sine-Gordon coupling constant. The
condition (1.2) with φ0 = 0 or φ0 = pi/2 has appeared in classical considerations of bound-
ary terms by Cherednik, Sklyanin and Tarasov [1,3]. However, Ghoshal and Zamolodchikov
have given reasons, based on a proposal for the scattering theory, for believing that the
theory with a boundary condition can indeed depend on the extra parameter φ0.
One of the purposes of this letter is to ask a similar question in real coupling affine
Toda field theory, in which it might be expected that the complications introduced by the
boundary at x1 = 0 are less severe than they are in sine-Gordon theory. This is because
the latter has a degenerate pair of particles (the soliton and anti-soliton, distinguished only
by topological charge), and a non-perturbative spectrum of breathers, whilst the former
has a non-degenerate spectrum of real scalars with a correspondingly simple scattering
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theory on the full line [4,5,6,7,8]. Some work has been done by Fring and Ko¨berle [9]
and by Sasaki [10] on the analysis of solutions to the real coupling affine Toda scattering,
including reflections at the boundary. In this work, the Yang-Baxter equation plays no
roˆle and a bootstrap principle is invoked instead. However, as was pointed out in ref[10],
there are infinitely many solutions to the relevant equations for these models. Until now,
no attempt has been made to attribute any of them to the presence of specific boundary
terms.
Affine Toda field theory [4,11] is a theory of r scalar fields in two-dimensional
Minkowski space-time, where r is the rank of a compact semi-simple Lie algebra g. The
classical field theory is determined by the lagrangian density
L = 1
2
∂µφ
a∂µφa − V (φ) (1.3)
where
V (φ) =
m2
β2
r∑
0
nie
βαi·φ. (1.4)
In (1.4), m and β are real constants, αi i = 1, . . . , r are the simple roots of the Lie algebra
g, and α0 = −
∑r
1 niαi is an integer linear combination of the simple roots; it corresponds
to the extra spot on an extended (untwisted or twisted) Dynkin-Kac diagram for gˆ. The
coefficient n0 is taken to be one. For the theory on a half line, (1.3) will be replaced by
L¯ = θ(−x1)L − δ(x1)B, (1.5)
where B, a functional of the fields but not their derivatives, represents the boundary term.
In other words, at the boundary x1 = 0
∂φ
∂x1
= −∂B
∂φ
. (1.6)
There is some evidence, outlined below, to suggest that the generic form of the bound-
ary term is given by
B = m
β2
r∑
0
Aie
β
2 αi·φ, (1.7)
where the coefficients Ai, i = 0, . . . , r are a set of real numbers. The condition (1.7) is
clearly a generalisation of (1.2). However, there are situations in which the coefficients
are constrained. For example, for the affine Toda field theories based upon the a
(1)
n series
of Lie algebras the sequence of conserved charges includes all spins (except zero) modulo
3
n+1. Except for a
(1)
1 , which corresponds to the sinh-Gordon model, each of these theories
has conserved charges of spin ±2. Requiring a combination of these to be preserved in the
presence of the boundary term requires the form (1.7) with the further constraint:
either |Ai| = 2, for i = 0, . . . , n or Ai = 0 for i = 0, . . . , n . (1.8)
On the other hand, requiring a combination of spin ±3 charges to be preserved leads to
(1.7) with no further constraints on the coefficients. This is perhaps surprising. Note
however that the spin two (or other even spin) charges for the theories on the whole line
play a special roˆle since they distinguish particles from their antiparticles, a fact which
follows from a general feature of the eigenvalues of the conserved quantities, namely:
qa¯s = (−)s+1qas . (1.9)
It is possible, therefore, that a generic boundary condition fails to distinguish between
the two particles of a conjugate pair. Consequently, it is also expected that the reflection
of particles from the boundary will not be diagonal unless the extra constraints (1.8) are
satisfied. If this curious behaviour as a function of the Ai survives a full analysis of all
the conserved charges, then it is reminiscent of behaviour at the reflectionless points of
the sine-Gordon scattering matrices. At those points (which occur at special values of the
coupling β) there are extra conserved charges which serve to distinguish the soliton from
the anti-soliton, and cause the scattering to be diagonal.
Another feature of (1.7) is that, generically, this choice of B in (1.6) does not permit
φ = 0 as a solution. The two exceptions to this are:
either Ai = Ani for i = 0, . . . , r or Ai = 0 for i = 0, . . . , r . (1.10)
As will be seen below, in the case of a
(1)
n the first of these exceptions already has some
interesting features in the sense of calculable boundary bound states.
2. Spin 2 charges on a half-line
There are sophisticated procedures, based on the existence of the Lax pair represen-
tation (see, for example, ref[12]) for obtaining the classical conserved quantities of affine
Toda field theory. However, these do not appear to have been adapted to the half-line.
Therefore, a pedestrian approach leading directly to (1.7) and (1.8) will be adopted here,
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in the expectation that a fuller (and more satisfying) treatment will be found in the future.
For related discussions of the problem on the full line, see for example refs [13].
The spin ±3 densities corresponding to the spin ±2 charges for the whole line may be
described by the general formulae (using light-cone coordinates x± = (x0 ± x1)/√2):
T±3 =
1
3
Aabc∂±φa∂±φb∂±φc +Bab∂
2
±φa∂±φb, (2.1)
where the coefficients Aabc are completely symmetric and the coefficients Bab are antisym-
metric. For constructing conserved quantities, the densities must satisfy
∂∓T±3 = ∂±Θ±1 (2.2)
and explicit calculation reveals
Θ±1 = −1
2
Bab∂±φaVb, Vb =
∂V
∂φb
, (2.3)
with the constraint
AabcVa +BabVac +BacVab = 0. (2.4)
Eq(2.4) implies
1
β
Aijk +BijCik +BikCij = 0, (2.5)
where it is useful to define
Aijk = Aabc(αi)a(αj)b(αk)c, Bij = Bab(αi)a(αj)b, (2.6)
and
Cij = αi · αj .
Eq(2.5) implies that Bij is very restricted: it is non-zero only for the a
(1)
n cases and, in
those cases, Bij = 0 except for j = i± 1 mod n+ 1, and Bi−1 i = Bi i+1, i = 1, . . . , n+ 1.
Rewriting the conditions (2.2) in terms of the variables x0, x1,
∂0(T+3 −Θ+1 ± (T−3 −Θ−1)) = ∂1(T+3 +Θ+1 ∓ (T−3 +Θ−1)), (2.7)
implies that the combination (T+3−Θ+1+T−3−Θ−1) is a candidate density for a conserved
quantity on the half-line if, at x1 = 0,
(T+3 +Θ+1 − T−3 −Θ−1) = ∂0Σ2. (2.8)
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Then, provided (2.8) is satisfied, the charge P2, given by
P2 =
∫ 0
−∞
dx1(T+3 −Θ+1 + T−3 −Θ−1)− Σ2 (2.9)
is conserved.
Eq(2.8) is a surprisingly strong condition. Together with the definitions (2.1) and
(2.3), it is found that Σ2 does not exist unless the following two conditions hold at x
1 = 0:
AabcBa + 2BabBac + 2BacBab = 0, (2.10)
1
3
AabcBaBbBc + 2BabVaBb = 0. (2.11)
Both of these involve the boundary term. Comparing (2.10) with (2.4) reveals that the
boundary term B must be equal to
m
β2
r∑
0
Aie
β
2 αi·φ,
apart from an additive arbitrary constant. The second condition, eq(2.11), is nonlinear
in the boundary term and therefore provides equations for the constant coefficients Ai in
terms of the coefficients in the potential. To analyse these equations, the term in Aabc is
best eliminated using (2.5), to yield:
1
24
∑
ijk
(BijCik +BikCij)AiAjAkeiejek =
∑
ij
BijAje
2
i ej , (2.12)
where
ei = e
β
2 αi·φ.
Comparing the coefficients of the products of exponentials in (2.12) requires either Ai = 0
for all i, or, A2i = 4 for all i.
3. Spin 3 charges on a half-line
The appropriate candidate density for a spin 3 charge on the half-line is
T+4 −Θ+2 + T−4 −Θ−2,
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with a corresponding charge P3 given by
P3 =
∫ 0
−∞
dx1(T+4 −Θ+2 + T−4 −Θ−2)− Σ3, (3.1)
provided
T+4 +Θ+2 − T−4 −Θ−2 = ∂0Σ3 (3.2)
at x1 = 0. The starting point for the discussion is the expression
T±4 =
1
4
Aabcd∂±φa∂±φb∂±φc∂±φd +
1
2
Babc∂
2
±φa∂±φb∂±φc +
1
2
Dab∂
2
±φa∂
2
±φb, (3.3)
which corresponds to a conserved charge on the whole line provided that
Θ±2 =
1
2
BabcVb∂±φa∂±φc +
1
2
DabVac∂±φb∂±φc, (3.4)
and
BabcVb −BcabVb +DbaVbc −DbcVba = 0
AabcdVa +
1
4
(BabcVad +BacdVab +BabdVac)
− 1
6
(DadVabc +DabVacd +DacVabd) = 0.
(3.5)
The analysis of (3.2) is quite complicated in this case. Firstly, there are conditions on the
boundary term to match eqs(3.5):
BabcBb −BcabBb + 2DbaBbc − 2DbcBba = 0
AabcdBa + 1
2
(BabcBad +BacdBab +BabdBac)
− 2
3
(DadBabc +DabBacd +DacBabd) = 0.
(3.6)
These are clearly satisfied, as a consequence of (3.5), by the general boundary term (1.7).
Secondly, there is no non-linear condition to correspond to (2.11). This is because, for
even spin densities, the left hand side of (3.2) contains no terms consisting merely of x1
derivatives evaluated at the boundary. Hence, terms with a single factor ∂0φ have the
opportunity of combining to the required form. A lengthy calculation reveals this to be
the case, with no further restrictions on the coefficients Ai.
Finally, note that only one combination of the spin ±s charges can be conserved on
the half-line and that the conserved combination is ‘parity even’: Ps = Qs + Q−s − Σs,
where Q±s would be the usual conserved charges if the densities were integrated over the
whole line.
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4. Classical boundary bound states
With the suggested boundary condition (1.7), the equations of motion for the theory
on a half-line become
∂2φ = −m
2
β
r∑
0
niαie
βαi·φ x1 < 0
∂1φ = −m
2β
r∑
0
Aiαie
β
2 αi·φ x1 = 0.
(4.1)
With the conventions adopted above, the total conserved energy is given by
E =
∫ 0
−∞
Edx + B, (4.2)
where E is the usual energy density for Toda field theory. The competition between the
two terms when B is negative permits the existence of boundary bound states.
The coupling constant β can be used to keep track of the scale of the Toda field φ, in
which case it is appropriate to consider an expansion of the field as a power series in β of
the following type:
φ =
∞∑
−1
βkφ(k). (4.3)
Generally, the series starts at k = −1 since the leading term on the right hand side of the
boundary condition is of order 1/β, and may be non-zero. The first two terms of the series
satisfy the equations:
∂2φ(−1) = −m2
r∑
0
niαie
αi·φ
(−1)
x1 < 0
∂1φ
(−1) = −m
2
r∑
0
Aiαie
1
2αi·φ
(−1)
x1 = 0,
(4.4)
and
∂2φ(0) = −m2
r∑
0
niαie
αi·φ
(−1)
αi · φ(0) x1 < 0
∂1φ
(0) = −m
4
r∑
0
Aiαie
1
2αi·φ
(−1)
αi · φ(0) x1 = 0.
(4.5)
Exceptionally, φ(−1) = 0 is a solution to (4.4) when the coefficients Ai are equal to Ani.
Otherwise, φ(0) satisfies a linear equation in the background provided by φ(−1). Since
8
φ(−1) represents the ‘ground’ state, it is expected to be time-independent and of minimal
energy. For the an case, the ground state φ
(−1) = 0 preserves the Zn+1 symmetry of the
extended Dynkin diagram, and there is not expected to be a non-zero solution with the
same symmetry.
If the coefficients may be chosen to be Ai = Ani, and the ground state is assumed
to be φ(−1) = 0, eqs(4.5) reduce to a diagonalisable system whose solution in terms of
eigenvectors ρa of the mass
2 matrix may be written as follows:
φ(0) =
r∑
a=1
ρa(Rae
−ipax
1
+ Iae
ipax
1
)e−iωax
0
, (4.6)
where
M2ρa = m
2
r∑
0
niαi ⊗ αiρa = m2aρa, ω2a − p2a = m2a,
and the reflection factor, denoted Ka for consistency with some earlier references, is
Ka = Ra/Ia =
ipa +Am
2
a/4m
ipa −Am2a/4m
, a = 1, . . . , r. (4.7)
If A = 0, it is clear from (4.7) that Ka = 1 and there are no exponentially decaying
solutions to the linear system. On the other hand, if A 6= 0 the reflection coefficients (4.7)
have poles at
pa = −iAm
2
a
4m
,
for which
ω2a = m
2
a(1−
A2m2a
16m2
).
Thus, provided A2 < 16m2/m2a and A < 0, the channel labelled a has a bound state,
with the corresponding solution to the linear system decaying exponentially away from the
boundary as x1 → −∞.
For the case a
(1)
n , it has already been established that A2 = 4, and the masses for the
affine Toda theory are known to be
ma = 2m sin(
api
n+ 1
). (4.8)
Hence, with all the Ai = −2 , there are bound states for each a, with
ω2a = 4m
2 sin2(
api
n+ 1
)(1− sin2( api
n+ 1
)) = m2 sin2(
2api
n+ 1
). (4.9)
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Notice that there is a characteristic difference between n odd and n even. In the latter
case, the bound-state ‘masses’ are doubly degenerate, matching the degeneracy in the
particle states themselves. However, in the former case there is a four-fold degeneracy in
the bound-state masses, and ω(n+1)/2 = 0.
One of the remarkable features of the quantum affine Toda field theories based on
simply-laced Lie algebras is that the quantum mass spectrum is essentially the same as
the classical mass spectrum. It is therefore tempting to suppose that a similar miracle will
occur for the theories on a half-line, in which case the reflection factors corresponding to the
special boundary condition Ai = −2 (in the case of a(1)n ) will contain poles corresponding
to the bound-state masses (4.9). Since the S-matrices are known, the reflection factors
are strongly constrained (but not uniquely determined) by various bootstrap relations.
These are described in refs[9,10], in which a number of solutions have been given. It is not
intended to review this material here but rather to indicate that there are solutions which
match the relatively simple boundary condition and boundary states described above.
5. Quantum boundary bound states
The simplest case to consider is a
(1)
2 which contains a conjugate pair of particles with
masses given by
m1 = m2 =
√
3m. (5.1)
The classical reflection factors are given by (4.7), with A = −2. It is useful to introduce
the block notation (see ref[5] for details)
(x) =
sinh( θ2 +
ipix
2h )
sinh( θ2 − ipix2h )
, (5.2)
where h is the Coxeter number of the Lie algebra (in this case h = 3). In this notation,
the classical reflection factor may be rewritten as follows:
ip− 3m
2
ip+ 3m2
= −(1)(2). (5.3)
In the same notation, the S-matrix elements are given by
S11(θ) = S22(θ) =
(2)
(B)(2−B) ; S12(θ) = S11(ipi − θ) = −
(1)
(1 +B)(3−B) , (5.4)
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where the parameter B depends on the coupling constant and has been conjectured to be
B(β) =
β2/2pi
1 + β2/4pi
,
and checked to one-loop order for all simply-laced affine Toda theories [14]. The boundary
condition does not distinguish the two particles and, if the two reflection factors describing
reflection of either particle off the ground state of the boundary are denoted K01(θ) and
K02(θ), it is expected that
K01 (θ) = K
0
2(θ).
In addition, the bootstrap equation [9,2] consistent with the 11→ 2 coupling in the theory
K02 (θ) = K
0
1 (θ − ipi/3)K01(θ + ipi/3)S11(2θ) (5.5)
must be satisfied, as must the ‘crossing-unitarity’ relation[2]
K01(θ)K
0
2(θ − ipi) = S11(2θ). (5.6)
Since the relation (5.6) follows automatically from the bootstrap relation (5.5) and its
conjugate partner[10,9], it is in fact only necessary to verify the bootstrap relations.
On the basis of the discussion in the previous section, the reflection factors are ex-
pected to contain a fixed simple pole (at θ = ipi/3) indicating the existence of the boundary
bound state expected in each channel at the mass
√
3m/2. It is also expected that as β → 0
the reflection factors revert to the classical expression (5.3). A ‘minimal’ hypothesis with
these properties is:
K01 (θ) = K
0
2(θ) = −
(1)(2 + B2 )
(B
2
)
. (5.7)
Remarkably, this simple ansatz satisfies both the requirements, (5.6) and (5.5), as is easily
verified. As β → 0, the β-dependent factors in (5.7) give the rapidity dependent factor
(2) in the classical reflection factor (5.3). This expression is not invariant under the trans-
formation β → 4pi/β, the weak-strong coupling symmetry characteristic of the quantum
affine Toda theory on the whole line. Rather, as β →∞, K01 → 1.
Each channel has a boundary bound state (associated with the pole at θ = ipi/3 ),
and it is convenient to label these b1 and b2. The boundary bootstrap equation [2] defines
the reflection factors for the particles reflecting from the boundary bound states. If, as is
being assumed here, there remain sufficiently many charges conserved in the presence of
11
the boundary to ensure that the reflection off the boundary is diagonal, then the equation
given by Ghoshal and Zamolodchikov simplifies dramatically. If the scattering of particle a
with the boundary state α has a boundary bound state pole at θ = ivβaα, then the reflection
factors for the new boundary state are given by
Kβb (θ) = Sab(θ − ivβaα)Sab(θ + ivβaα)Kαb (θ). (5.8)
Thus, for the case in hand, the four possibilities are
Kb11 = S11(θ + ipi/3)S11(θ − ipi/3)K01(θ) = S12(θ)K01
Kb12 = S12(θ + ipi/3)S12(θ − ipi/3)K02(θ) = S11(θ)K02
(5.9)
and
Kb21 = S12(θ + ipi/3)S12(θ − ipi/3)K01(θ) = S11(θ)K01
Kb22 = S11(θ + ipi/3)S11(θ − ipi/3)K02(θ) = S12(θ)K02 .
(5.10)
Consider the fixed pole structure of eqs(5.9). Since both S12 and K
0
1 have a simple pole
at θ = ipi/3, their product has a double pole; this is not to be interpreted as a new bound
state. On the other hand, S11 has a simple pole at θ = 2ipi/3 and K
0
2 has a simple pole
at θ = ipi/3; the first of these does not indicate a new boundary bound state since for
that interpretation θ ought to lie in the range 0 ≤ θ ≤ ipi/2. However, the second pole
lies in the correct range and indicates a boundary state of mass
√
3m. This state has all
the quantum numbers of particle 1 (the state b1 has the quantum numbers of particle 2
each multiplied by 1/2), and may therefore be interpreted as a particle 1 state at zero
momentum, next to the boundary in its ground state. Establishing the latter relies on the
fact that the particle charges and the boundary state charges are related in the quantum
field theory via
P as cos(sv
β
aα) = P
β
s − Pαs . (5.11)
Eqs(5.10) have a similar interpretation. Consequently, the complete boundary spectrum
corresponding to the symmetrical boundary condition (1.7) with A1 = A2 = −2 consists
of a ground state, a pair of boundary states, and a tower of states constructed by gluing
zero rapidity particles to either the ground state or to the boundary states b1, b2.
On the other hand, if A1 = A2 = 2, the classical reflection data has no boundary
bound states and the classical reflection coefficient (5.3) is replaced by its inverse. In this
case, a candidate for the reflection factors in the quantum field theory is
K01(θ) = K
0
2 (θ) =
(3− B
2
)
(2)(1− B
2
)
. (5.12)
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This clearly satisfies all the bootstrap conditions and there are no physical strip poles
corresponding to boundary bound states. As β → ∞, these reflection factors tend to
unity.
In order to generalise (5.7) to other members of the an series, it is useful to have some
new notation. It is convenient to introduce a pair of new blocks:
< x >=
(x+ 12 )
(x− 1
2
+ B
2
)
, <˜ x > =
(x− 12 )
(x+ 1
2
− B
2
)
. (5.13)
These are related to the notation [x] introduced in [10] via
[x] =< x > <˜ x >. (5.14)
In terms of (5.14), the quantities S(2θ) can be conveniently manipulated, since
{x}(2θ) = [x](θ)/[h− x](θ), (5.15)
where
{x} = (x− 1)(x+ 1)
(x− 1 +B)(x+ 1−B)
is the basic building block from which all the S-matrices of simply-laced affine Toda field
theories are constructed [5].
In terms of the new blocks, eq(5.7) may be rewritten as
K01 =
< 12 >
< 5
2
>
=
< 12 >
< h− 1
2
>
,
which is in a suitable form to generalise. Following the bootstrap, using it recursively to
define all the other reflection factors, leads to the general expression
K0a =
< a− 1
2
>
< h− a+ 12 >
< a− 1− 1
2
>
< h− a+ 1 + 12 >
· · · <
1
2
>
< h− 12 >
= K0h−a. (5.16)
Moreover,
K0a → −(a)(h− a), β → 0
and, for each a, K0a → 1 as β → ∞. The limit β → 0 yields the classical reflection factor
(4.7), corresponding to particle a in the field theory based on a
(1)
n . The generalisation of
(5.12) is obtained by replacing < x > by <˜ x > in (5.16).
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6. Summary
Arguments have been given which strongly suggest that affine Toda field theory will
remain integrable on a half-line, provided the boundary condition is carefully chosen.
For the an series of Toda theories, the spin two charges provide a strong constraint. If
they are to be conserved in the presence of the boundary, the boundary condition has
at most a discrete ambiguity. Without these conserved charges, some particles would
not be distinguished from their anti-particles in the quantum theory. For a particularly
symmetrical form of the boundary condition, the classical boundary bound states have
been used as a guide to the construction of simple reflection factors, consistent with all the
requirements of the bootstrap, and, from these, a picture of the spectrum of the theory
has been built. This was given in detail for the case a2, but may be deduced from the
general expressions for K0a in the other cases. However, as may be inferred from ref[10],
these solutions are not unique and the picture based on them is therefore tentative.
There are many questions left unanswered. For example, the general expressions (5.16)
contain a variety of poles not all of which correspond to boundary bound states. Those
that cannot be interpreted in terms of boundary states require an explanation in terms of
Landau-type singularities, similar to the Coleman-Thun mechanism [15], which served to
explain the multiple poles in the S-matrix itself [5]. For example, referring back to eq(5.9),
the double pole in K01 at θ = ipi/3 can be understood in this way. However, a full analysis
of these singularities will need perturbation theory to be set up on the half-line.
Finally, it is also unclear whether every boundary condition preserving combinations
of classically conserved charges will preserve quantum integrability. One logical possibility
is that the affine Toda quantum theory with a boundary must respect the affine diagram
symmetry, in which case the variety of boundary conditions would be greatly reduced (for
example (1.2) would not be allowed except for φ0 = 0). Another possibility is that a
symmetry breaking of this type, being local to the boundary, influences the form of the
reflection factors, eq(1.1), but otherwise, as originally envisaged by Cherednik, preserves
the particle scattering far from the boundary.
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